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ABSTRACT

S.B. Misra and A.K. Misra (1984) have studied affiotion in RNP Finsler space. U.P Singh and A. K. Singh

(1981) have defined N-curvature collineations aistubsed the existence &M — curvature collineations of different

types in Finsler space. S. P. Singh (2003) hasdotted the concept of curvature inheritance in IBinspaces.

J. K. Gatoto and S.P. Singh (2008) have definedstudied curvature inheritance for the relativevature tensolz in

Finsler space. C. K. Mishra and D. D. Yadav (200aye investigated and discussed projective cureahlreritance in
normal projective Finsler space. In the presenepaihe author has definedll — curvature inheritance in Finsler space.

Some special cases 8 — curvature inheritance have also been discussed.

KEYWORDS: Finsler Space, Projective Normal Connection Coieffits, Curvature Inheritance, Normal Curvature,

Lie-Derivative
1. INTRODUCTION
We consider an dimensional affinely connected lé'rnspacan equipped with2n line-elements(X, X) of

degree one in its directional argumeiht The covariant derivative of the tensor fie)' (X,X) with respect tox' is

given by (Yano, 1957)

[ i A i . N m
0,X' =9, X' =0, X' m0x" + X7z,

(1.1)
Where
i i 1 5
Ty = Gj =—=0,G, X
(n+1) (1.2)
Is projective normal connection coefficient andsfgtthe following relations
R D
()9, myx =0, (D)7 = 71, (1.3)

The symboIsG;k (x,X) = 5J5kGi (X,X), given in (L2) are Berwalds connection parameters (Rund,1959).
We shall denote such spaceMy- F, .
Let us now consider the infinitesimal point tramsfiation

X =x +V (x)dt (1.4)
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Where V' (X) is a vector field independent of the directionaguament X' and dt is an infinitesimal point
constant. The Lie-derivative of any tensor fiél’ﬁ (X,X) and connection parameteli?‘ijk are given by (Yano, 1957)
‘ o _— N . . N . he
LT, (X)) =0T/ v' =T 0,V +T 0O,V + (0T )O V"X

(1.5)
And

LT, (%%) =00,V = Ng, v" + 775, 0 v°XP w9

The commutation formulae involving the Lie-derivatiof any tensorTjik (X,X)and connection coefficients

77]],( (X, X) are respectively given by (Yano, 1957)

al (LvTjik) - Lv(aITjik) =0

(1.7)
L, (O T) -0, (LT) =TiLm, Tl (L8
Tl 7z =0 Tj)(L, 7%

And

(0L 780) = Oy (L775) = L Njyy = 0,726 ) (L, 72;)X° = (0, 73, )(L, 72y )X° w9

WhereNijkh (X,X) is normal projective curvature tensor field andis§es the

A.K. Singh, 1981)

relation (U.P Singh and

()N, = Niikh’ (b)ar N;khxr =0 (1.10)

And(C)Nj, = =N, .

In a Finsler spacéN — Fn, if the curvature tensor ﬁeId}\I}kh satisfies the relation (Singh and Singh, 1981)

DN = KNjs, (1.11)

Where KS is any non-zero vector, then the space under deradion is called recurrent Finsler space and

K (X) is called recurrence vector. We denote such spadé—F.".

2. N - CURVATURE INHERITANCE IN FINSLER SPACE

In this section, we shall define and study an itégimal point transformation which is called

N — Curvature Inheritance
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Definition 2.1: In a Finsler spacdN — F, if the normal curvature tensor ﬁelltil}kh satisfies the relation

L Nljkh _a(X)Nka @2.1)

With respect to the vectol\/i(X) , the infinitesimal point transformation (1.4) @alled N — curvature

inheritance. The entity(x) is non-zero function.
Definition 2.2: In a Finsler spacdN — Fn the infinitesimal point transformation (1.4) isds#& be an N-Ricci

inheritance if there exists a vector fisli(X) such that
LN, =a(X)N, (2.2)

ngu = 0

In order that the infinitesimal point transformati¢l.4) be an infinitesimal affine motion in a AerspaceN — Fn, it is

The infinitesimal point transformation (1.4) isdaialled an affine motion if it satisfies the caiwh

necessary and sufficient that the Lie-derivative’"df( with respect to (1.4) vanishes, that is
I‘vﬂlljk =

In view of the former condition, the equation (ly8lds

L Nj =0 (2.3)
Using (2.1) in (2.3), we get
a(X)Nth (24)

Since a(X) is also non-zero function, it yieldsl ijkh =0. Consequently we state

Theorem 2.1:Every affine motion admitted in a Finsler spade— Fn ,is an N — curvature inheritance if the

space is flat.

Applying the commutation formula (1.8) for the n@nsurvature tensor fieIcNijkh , we find

Lv(DsN}kh) _Ds(LvNijkh) = NjkhL HJ errkh 771; 2.5)

_NljmhLvn-;n_(amN}kh)(Lv bs)x

If the N —curvature inheritance is an affine motion, thb.oﬂjjk =0 is satisfied. In this case equation (2.5)

yields
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Lv(DsNzkh) :a(x)(DsNijkh) (2.6)

In view of (2. 1) if the gradient vectdﬂsa’ is zero accordingly we have

Lemma 2.1: When arlN — curvature inheritance admitted il — F, becomes an affine motion, the covariant

derivative of the normal curvature tensor fid}di}kh satisfies the inheritance relation (2.6) providiee gradientDsa’ is

Zero.

H. Hiramatu (1954) has determined that the necgsaad sufficient condition for an infinitesimal poi
transformation (1.4) to be homothetic transfornratethat the relation

L,g; =2Cg; (2.7)
Where C is some constant holds good. Any solution of (2l#)ays satisfies the relatiohvﬂjjk =0.
Hence from (1.9), we get
i
Lijkh _O, (28)

R i
Which impliesN ;,, =0
Hence we state

Theorem 2.2: Every homothetic transformation admitted N — F, is an N — curvature inheritance if the

space is flat.
Differentiating (1.11) covariantly with respectaa X™, we get

|]mDsN}kh = (DmKs + KsKm)Nm

jkh

Which yields

O Njn = DK g N (2.9)
Taking Lie-derivative of both sides of (2.9), wetaib

ZO’D[mDS]Nijkh = (L 0Ky +al0, K N, (2.10)
In view of (2.1) and Theorem 2.2

Ifwe let LU, Ky =—alJ; K , the above equation reduces to

OimJgNji = 0. (2.12)

Conversely, if the relation(2.11) is true, then ¢ggiation (2.10) assumes the form
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i —
Njkh(LvD[mKs] +aD[mKS]) =0 , (2.12)

Which implies

LVD[mKS] = —O'D[mKS], (2.13)

N-F
Since " is non-flat.

We thus state

Theorem 2.3:In a recurrent Finsler spadd — FnD which admitsN — curvature inheritance, the necessary and

sufficient condition for the identity

D[mDs] N}kh =0 (2.14)
To be true is that the recurrence vector satisfiesnheritance property (2.13).

Applying Lie-operator to (1.11), we get

Lv(DsNijkh) = (Lva])Nijkh + KsaN}kh (2.15)
In view of (2.1) and Lemma 2.1, the above equatides the form

a(DsNijkh _KsNijkh):(Lva)N}kh' (2.16)
Since the spac®N — FnD is recurrent, the equation (2.16) reduces to

(LLKIN, =0, (2.17)
Which implies

Niikh =0 (2.18)

_rcO
In view of the fact(L,K,) # O.This contradicts our assumption that the recurfénsler spacé\I nis

non-flat

Consequently we state

Theorem 2.4: A general recurrent Finsler spadd — FnD does not admit aN — curvature inheritance i{t

becomes an affine motion.

3. SPECIAL CASES AND DISCUSSIONS

In this section we study and discuss two specegsaf curvature inheritance N — Fn and N — FnIj .
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3.1 Contra Field

i
In a FinsleMN — F , if the vector field” (9 satisfies the relation

The vector fieldV' (X) determines a contra field.

We now consider a specifl — curvature inheritance of the form

X =X +Vv'(Xdt, O,V =0.

(3.1)
Taking Lie-derivative of the normal projective cature tensor field\lzkh, we get
R iy [ i [ | [ |
LVN;kh =0, N;th - NjthIVI + NllthjV + N;IthV (3.2)
_ | . .
+Nj, O,V —(0,Nj,,. )0V X°.
Using (2.1) and (3.1) in the above equation, we get
i iy
a'Njkh =0, Njth . (3.3)
The contraction of indicek andj in (3.3) gives
— |
oN,, =0 N,V. (3.4)
On the other hand, from Ricci identity
i _nioyh

20UV = N v, (3.5)
We obtain
N v =0,

hik (3.6)
In view of the latter of (3.1)
In (3.5) above, if we set the indicés= | and observe (1.10)(a), we get

h —

N,Vv' =0. 3.7)

We accordingly state

Theorem 3.1:In a Finsler spaceN — F, which admits N — curvature inheritance if the vector fie!EI(X)

spans a contra field, the following conditions
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()(a) aNijkh =0, Nijth| .(b) aN,;, =1, Njkvl'
(ii)(@) Njv".= 0, (b) N v" =0,
Hold good.

In a Finsler spaceN — Fn which admits N — curvature inheritance of the form (3.1), if tHd — curvature
inheritance becomes an affine motion, the condith;Niikh =0. In such caseN — F,, is flat and the equation (3.2)
yields

(@) O/Njv'. =0, (b) O,N, V' =0.

Hence we state

Theorem 3.2:1f in a Finsler spaceN B F” the N - curvature inheritance of the form (3.1) admitteddiaes an

affine motion, the following conditions

The Finsler spacé\l - F” is flat one
. @gnNv.=0®gNV =0
Necessarily holds
Let us consider a Finsler spabé— FnDWhiCh satisfies the recurrence condition (1.11).
Applying condition (1.11) to the equation (3.3) (d@)yields
aNiy, =KV N . = 0.
Since the spac®N — FnD is non-flat, the above equation reducegitc= K|VI .

We thus state
Theorem 3.3:1n a non-flat Finsler spac® — FnIj which admits N — curvature inheritance, if the vector field

Vv (X) spans a contra field , the scalar functi@(x) is expressed in the form (3.7).

3.2 Concurrent Field

Under a concurrent field , the vector field saéisfthe relation
Ov =10

J J (3.8)
WhereA is a non-zero constant.

In this case we consider & — curvature inheritance of the form
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X =x +V (x)dt, O,V =AJ].

(3.9
If the Finsler spacédN — F, gqmits N — curvature inheritance (3.8), then we get
0,0, =0
[k (3.10)
And from Ricci identity, we get
N V" =
jkn 0 (3.11)
In a recurrent Finsler spady — an , the covariant derivative of the above equatidth vespect tox' yields
AN, =0
jkh (3.12)
In view of (1.11), (3.4) (a) and (3.6)
Taking the Lie-derivative of (3.10) and using (2x8 obtain
AN, =
aMNj =0, (3.13)

Which implies that the spachl — F.” is flat This contradicts the assumption that tace N = F." is non-flat
We thus state

Theorem 3.4:1n general a recurrent Finsler spabk— an does not admit alN — curvature inheritance of the
type (3.9)
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